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Superposition of chaotic processes with convergence to Le´vy’s stable law

Ken Umeno
Communications Research Laboratory, Ministry of Posts and Telecommunications, 4-2-1 Nukuikitamachi,

Koganei, Tokyo 184-8795, Japan
~Received 23 October 1997!

We construct a family of chaotic dynamical systems with explicit distributions with broad tails, which
always violate the central limit theorem. In particular, we show that the superposition of many statistically
independent, identically distributed random variables obeying such a chaotic process converge in density to
Lévy’s stable laws in a full range of index parameters in a unified manner. The theory related to the connection
between deterministic chaos and non-Gaussian distributions gives us a systematic view of the purely mechani-
cal generation of Le´vy’s stable laws.@S1063-651X~98!08408-6#

PACS number~s!: 05.45.1b, 05.20.2y, 05.40.1j
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Lévy’s stable laws are the most famous class of distri
tions violating the central limit theorem~CLT!. These arise
in such diverse fields as astronomy, physics, biology, e
nomics, and communication engineering, under broad co
tions @1–4#. Our primary interest here is to elucidate th
mechanism by which Le´vy’s stable laws are generated. In th
1980s, several studies clarified the relation between Lev
law-like broad distributions and intermittent periodic ma
ping and anomalous diffusion@5,6#. Random-walk models
@7# and combinations of several random number genera
@8,9# are also utilized to generate Le´vy’s stable laws. How-
ever, the approximations made or the nondeterministic
ture of the models themselves, or their generation meth
are only applicable to a special class of Le´vy’s stable laws,
because few examples of Le´vy’s stable distributions are ex
plicitly known. The purpose of the present paper is to pres
an explicit implementation for exact and purely mechani
generation of stable laws with arbitrary indices using co
crete chaotic dynamical systems. Let us consider a o
dimensional dynamical system

Xn115
1

2S Xn2
1

Xn
D[ f ~Xn! ~1!

on the infinite support (2`,1`). Note that for this mapping
f (X) can be seen to be the doubling formula of2cot(u) as
2cot(2u)5f @2cot(u)#. Thus the system has the exact so
tion Xn52cot„(p/2)2nu0…. Using a diffeomorphismx
[f21(u)52@1/tan„(p/2)u…# of uP@0,2# into ]2`,1`@ ,
we derive the piecewise-linear mapg(2)(u)5f+ f +f21(u)
as

g~2!~u!52u, uP@0,1!,

g~2!~u!52u22, uP@1,2#. ~2!

Because map~2! has the mixing property~and thus is clearly
ergodic! and preserves the Lebesgue measure1

2 du of @0,2#,
map f preserves the measure

m~dx!5r~x!dx5
1

2

df~x!

dx
dx5

dx

p~11x2!
. ~3!
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This is an explanation of the mechanical origin of t
Cauchy distribution~3!. Note that the Cauchy distribution i
a simple case of a Le´vy stable distribution with the charac
teristic a51. Measure~3! is absolutely continuous with re
spect to the Lebesgue measure, which implies that
Kolmogorov-Sinai entropy h(m) is equivalent to the
Lyapunov exponent of ln 2 from the Pesin identity; the me
sure is a physical one in the sense that, for almost all ini
conditionsx0, the time averages limn→`(1/n)( i 50

n21d(x2xi)
reproduce the invariant measurem(dx) @10#. Our next step is
to generalize exactly solvable chaos~1! to capture the full
domain of Lévy’s stable laws. Now let us consider the ma
ping

Xn115u 1
2 ~ uXnua21/uXnua!u1/asgn@~Xn21/Xn!#[ f a~Xn!,

~4!

where 0,a,2, and sgn(x)51 for x.0 and sgn(x)521
for x,0. We prove here that this chaotic dynamics~4! also
has a mixing property similar to mapping~1!, as well as an
exact invariant density function given by

ra~x!5
a

p

uxua21

~11uxu2a!
.

a

p
uxu2~a11! for uxu→`. ~5!

Note that the chaotic system given by Eq.~1! is a special
case of Eq.~4! with a51. We remark here that this syste
can also be seen as a doubling formulas(2u)5 f a@s(u)#,
where

s~u!52

sgnF tanS p

2
u D G

UtanS p

2
u D U1/a .

Using the relations

s~2u!5 f a@s~u!# for uP@0,1!,

s~2u22!5 f a@s~u!# for uP@1,2# ~6!

and defining the diffeomorphism
2644 © 1998 The American Physical Society
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x5fa
21~u!52

sgnF tanS p

2
u D G

UtanS p

2
u D U1/a ~7!

of uP@0,2# into ]2`,1`@ , we obtain the piecewise-linea
mapg(2)(u)5fa• f a•fa

21(u) as

g~2!~u!5H 2u, uP@0,1!

2u22, uP@1,2#
~8!

with the invariant measure12 du of @0,2#. Thus, the map of
Eq. ~4! preserves

m~dx!5ra~x!dx5
1

2

dfa

dx
dx5

a

p

uxua21

~11uxu2a!
dx. ~9!

Therefore, the class of dynamical systems~4! with the pa-
rametera also has a mixing property~thus is ergodic! with
the Lyapunov exponent ln 2.

More generally, from the family of Chebyshev ma
Yn115 f (Yn) defined by the addition formulas of the form
sin2(pu)5f @sin2(u)#, where p52,3, . . . , with the unique
density s(y)5@1/pAy(12y)# of the logistic mapYn11
54Yn(12Yn) ~which corresponds to the casep52)
@11,12#, we may construct infinitely many chaotic dynamic
systemsXn115 f a(Xn) with the unique density function
ra(x) given by Eq.~5! @13#. For example, an explicit map
ping with the Lyapunov exponent ln 3 is given by

Xn115 f a~Xn!5UuXnua~ uXnu2a23!

~3uXnu2a21!
U1/a

sgnFXn~ uXnu2a23!

~3uXnu2a21!
G ,

~10!

which has the density~5! from the triplication formula of
s(u).

FIG. 1. Densities of the superpositionSN5@( i 51
N X( i )2AN#/BN of dy-

namical variablesX( i ) generated by chaotic systemsXj 11( i )5 f a51.5
(2)

3@Xj ( i )#, with N different initial conditionsX0( i )u i 51,•••,N , are plotted for
N51,10,100,1000, and 10 000. In this case, the limit density converge
the symmetric Le´vy’s stable law with the indicesa51.5 andb50.
l

In this case, the topological conjugacy relationg(3)(u)
5fa+ f a+fa

21(u) yields the piecewise-linear map

g~3!~u!55
3u, uPF0,

2

3D
3u22, uPF2

3
,
4

3D
3u24, uPF4

3
,2G .

~11!

In general, the same kind of topological conjugacy relat
g(p)(u)5fa+ f a+fa

21(u) holds for a p-to-one piecewise-
linear mappingg(p)(u). Let us consider slightly modified
dynamical systemsXn115 f a,d(Xn)[(1/d) f a(dXn), with a
change of variableh(x)[dx for a constantd.0. Thus this
modified dynamics,

f a,d~X!5U12~Xua21/ud2Xua!U1/a

sgnFX2
1

d2X
G , ~12!

has an invariant measure ra,d(x)dx5dra(dx)dx
5(adauxua21dx)/p(11d2auxu2a) with a slightly modified
power-law tail given by

ra,d~x!.
a

pda

1

uxua11
for x→6`. ~13!

We will show that this power-law tail of the density is su
ficient for generating arbitrary symmetric stable laws. T
canonical representation of stable laws obtained by Le´vy and
Khintchine @14,15# is

P~x;a,b!5
1

2pE2`

`

exp~ izx!c~z!dz, ~14!

where the characteristic functionc(z) is given by

to

FIG. 2. Densities of the superpositionSN5@( i 51
N X( i )2AN#/BN of dy-

namical variables X( i ) generated by chaotic systemsXj 11( i )
5 f a51.5,d151,d250.5

(2) @Xj ( i )#, with N different initial conditions

X0( i )u i 51, . . . ,N , are plotted forN51, 10, 100, 1000, and 10 000. In thi
case, the limit density converges to the asymmetric Le´vy’s stable law with
the indicesa51.5 andb52@(924A2)/7#.
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c~z!5exp$2 igz2huzua@11 ib sgn~z!v~z,a!#%, ~15!

a, b, g, andh being real constants satisfying 0,a<2,21
<b<1,g>0, and

v~z,a!5tan~pa/2! for aÞ1,

v~z,a!5~2/p!lnuzu for a51. ~16!

Note that explicit forms of Le´vy’s distributions~14! are not
known for general parametersa and b except for a few
cases such as the Cauchy distribution (a51,b50). Accord-
ing to the generalized central limit theorem~GCLT!, it is
known @16# that if the density function of a stochastic pr
cess has a long tail,

r~x!.c2uxu2~11a! for x→2`,

r~x!.c1uxu2~11a! for x→1`, ~17!

then the superpositionSN5@( i 51
N X( i )2AN#/BN of indepen-

dent, identically distributed random variable
X(1), . . . ,X(N) with the densityr(x) converges in density
to a Lévy’s stable lawP(x;a,b), with

b5~c12c2!/~c11c2!,

AN50, BN5N1/a,

h5
p~c11c2!

2a sin~pa/2!G~a!
for 0,a,1, ~18!
re
AN5N^x&, BN5N1/a,

h5
p~c11c2!

2a2sin~pa/2!G~a21!
for 1,a,2.

In the case of the symmetric long tail of Eq.~5!, c1

5c25(a/pda), b50, andh is determined by

h5
1

dasinS pa

2 DG~a!

for 0,a,1,

h5
1

adasinS pa

2 DG~a21!

for 1,a,2. ~19!

Thus, according to the GCLT, the superposition of sta
tically independent, identically distributed random variab
generated byN chaotic systems of Eq.~4! is guaranteed to
converge in distribution to an arbitrary symmetric Le´vy’s
stable lawP(x;a,b50). Figure 1 shows that the conve
gence in distribution to a Le´vy’s stable distribution with pa-
rametersa51.5 andb50, as predicted by the GCLT, i
clearly seen forN510 000. Similar results hold for more
general stable distributions, including asymmetric sta
laws. In particular, let us consider a family of dynamic
systemsXn115 f a,d1 ,d2

(Xn), where
~20!
-

We can show that this dynamical systemXn11
5 f a,d1 ,d2

(Xn) has the asymmetric invariant measu

m(dx)5r(x;a,d1 ,d2)dx, wherera,d1 ,d2
(x) is given by

ra,d1 ,d2
~x!5

ad1
axa21

p~11d1
2ax2a!

for x.0,

ra,d1 ,d2
~x!5

ad2
auxua21

p~11d2
2auxu2a!

for x,0. ~21!
Because the power-law tail is asymmetric as

ra,d1 ,d2
~x!.

a

pd1
axa11

, x→1`,

ra,d1 ,d2
~x!.

a

pd2
auxua11

, x→2` ~22!

for d1Þd2, the GCLT guarantees that the limiting distribu
tion would be a Le´vy’s canonical formP(x;a,b) with the
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skewness parameterb5@(d2
a2d1

a)/(d1
a1d2

a)#Þ0. Thus,
one can generate an arbitrary Le´vy’s stable lawsP(x;a,b)
for 0,a,2 and 21<b<1 @17# using the chaotic map
pings f a,d1 ,d2

(X) with proper parametersa, d1, andd2. Fig-
ure 2 illustrates convergence to an asymmetric Le´vy’s stable
distribution with indicesa51.5 andb52@(924A2)/7# as
clearly seen forN510 000, as predicted by the GCLT. T
show the exactness of the asymmetric density~21!, we must
check that the invariant measurera,d1 ,d2

(x)dx satisfies the
probability preservation relation~Perron-Frobenius equation!
@18#

ra,d1 ,d2
~y!5 (

x5 f a,d1 ,d2

21
~y!

ra,d1 ,d2
~x!Udx

dyU. ~23!

We note thatf a,d,d(x)5 f a,d(x) and ra,d1 ,d2
(x)5ra,d1

(x)

for x.0 and ra,d1 ,d2
(x)5ra,d2

(x) for x,0, which also
have the Perron-Frobenius equations

ra,d i
~y!5 (

x5 f a,d i

21
~y!

ra,d i
~x!Udx

dyU for i 51,2. ~24!

Here, we define two preimagesxa5 f a,d1 ,d2

21 (y),0 and xb

5 f a,d1 ,d2

21 (y).0 for y.0. In the casef a,d1
(x)5y.0, we

also define two preimagesxa85 f a,d1

21 (y),0 and xb8

5 f a,d1

21 (y)(5xb).0 for y5 f a,d1
(x).0. It is easy to check

that d2xa5d1xa8 . From the Perron-Frobenius equations~23!
and ~24!, we have the relation

ra,d2
~xa!

1

Ud fa,d1 ,d2
~x!

dx
U

x5xa

5ra,d1
~xa8!

1

Ud fa,d1
~x!

dx
U

x5x
a8

.

~25!

We note that the validity of Eq.~25! can be checked unde
,

d

the conditiond2xa5d1xa8 . In the same manner, we can als
show thatra,d1 ,d2

(y) satisfies the Perron-Frobenius equati

~23! for y,0.
There is also an interesting dualistic structure in the

types of chaotic dynamical systems. Let us consider dyna
cal systemsXn11* 5 f a,d1 ,d2

* (Xn* ) defined as

1

f a,1/d1,1/d2
~1/Xn* !

.

Because the normalized and symmetric case,f a* (X* )
[ f a,d151,d251* (X* ), can also be seen as the doubling fo

mula of 2sgn@ tan„(p/2)u…#utan„(p/2)u…u1/a, and the
piecewise-linear mapg(2)(u)5fa* + f a* +fa*

21(u) @Eq. ~2!#
can be derived by the diffeomorphismx* 5fa*

21(u)5

2sgn@ tan„(p/2)u…#utan„(p/2)u…u1/a, map f a* (X* ) also has
the invariant measurera(x) of Eq. ~5!. Thus in the same way
as that used in obtainingra,d1 ,d2

(x) for f a,d1 ,d2
(X), we can

show that this dual map has the invariant meas
ra,1/d1,1/d2

(x)dx. This dualistic structure of the dynamica

systemsf a,d1 ,d2
(X) and f a,1/d1,1/d2

* (X* ) originates from the

relationfa
21(u)•fa*

21(u)51.
In summary, we have found that Le´vy’s stable laws can

be directly generated by the superposition of many indep
dent, identically distributed dynamical variables obeying c
tain chaotic processes in a unified manner. Owing to
ubiquitous and generally implicit character of Le´vy’s stable
laws, our explicit implementations using ergodic transform
tions with long-tail densities have a potentially broad ran
of applications to many different physical problems.
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